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Appendix A Proofs

A1.1 Proof of Proposition 1

Suppose that an experiment manipulates a single treatment Z. Assume:

1. Treatment assignment is ignorable: Y (Z) ⊥ Z,Pr(Z = z) ∈ (0, 1).

2. SUTVA: Yi(zi) = Yi(zi, z¬i)∀i.

Consider a dynamic model for which h∅ 6= hT . Index sets of non-terminal histories, h ∈ H\HT by the
cardinality of the set of past actions. In this notation, h∅ ≡ h0. The subsequent histories are represented by
h ∈ H1. etc. In this notation, a dynamic model implies that ∃H1.

With this notation, strategy set symmetry, as defined in Definition 1, implies that for any h ∈ Hj , the actor
and set of strategies available for all elements Hj+1 are equivalent, for all j ∈ {0, 1, ..., T − 1}.

Consider an action, a, in the strategy set of arbitrary node h ∈ H . Denote a variable measuring this action
as A. The ATE can be written:∑

h∈Hj

Pr(h|Z = 1)E[A|Z = 1, h = h]−
∑
h∈Hj

Pr(h|Z = 0)E[A|Z = 0, h = h] (1)

First, consider the first post-treatment action, j = 0. Both expectations in Equation 2 are defined. The ATE
is both defined and identified given Assumptions 1 and 2 and standard results (i.e. Green and Gerber (2012)
Equation 2.3 or Angrist and Pischke (2010) Section 2.2).

Now, consider some j > 0. Consider two cases:

1. If a is in the strategy set for all h ∈ Hj , the expression E[A|Z = z, h = h] is defined. The ATE is
both defined and identified.

2. If a is not in the strategy set for any h ∈ Hj , the expression E[A|Z = z, h = h] is undefined for
some h. The ATE is undefined, and thus unidentified.

By Definition 1, if a model is strategy set symmetric, it follows from the case of j = 0 and Case #1 above
that the ATE is identified for all actions. Further, if the model is not strategy set symmetric, it follows from
the case of j = 0 and Case #2 that the ATE must be identified for at least one outcome (at h0) and must be
unidentified for at least one outcome. �

A1.2 Proof of Proposition 2

Suppose that an experiment manipulates a single treatment Z. Assume:

1. Treatment assignment is ignorable: Y (Z) ⊥ Z,Pr(Z = z) ∈ (0, 1).

2. SUTVA: Yi(zi) = Yi(zi, z¬i)∀i.

Suppose that there exists a strategy-set asymmetric history, denoted Hs 6= HT . Consider an action, a, in the
strategy set of arbitrary node h ∈ {HS+1, ...,HT }, where histories are indexed according to the cardinality
of past actions. The action a is only in the strategy set at node h if Hs = S. Denote a variable measuring
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the action S as S and the variable measuring this action as A.

The SACE of Z on A is given by:

SACE =
∑
h∈HS

Pr(S|Z = 1, S(Z = 1) = 1, S(Z = 0) = 1)E[A|Z = 1, S(Z = 1) = 1, S(Z = 0) = 1]−

∑
h∈HS

Pr(S|Z = 0, S(Z = 1) = 1, S(Z = 0) = 1)E[A|Z = 0, S(Z = 1) = 1, S(Z = 0) = 1]

(2)

Because a(Z) is defined for for any unit for which S(Z = 1) = 1 and S(Z = 0) = 1, E[A|Z = z, S(Z =
1) = 1, S(Z = 0) = 1] is defined for Z ∈ {0, 1}. Further, note that the SACE is a conditional ATE in
which the stratum defined by S(Z = 1) = 1 ∩ S(Z = 0) = 1. This means that Pr(S|Z = z, S(Z = 1) =
1, S(Z = 0) = 1) = 1∀Z ∈ {0, 1}. As such, (2) simplifies to:

SACE =E[A|Z = 1, S(Z = 1) = 1, S(Z = 0) = 1]−
E[A|Z = 0, S(Z = 1) = 1, S(Z = 0) = 1].

(3)

Given that both expectations are defined and standard results showing that conditional ATEs are identified
given Assumptions 1 and 2 (i.e., Green and Gerber (2012) Equation 2.3 or Angrist and Pischke (2010)
Section 2.2), the SACE is identified. �

A1.3 Propositions A1-A2 and Proofs

In Propositions A1 and A2, I discuss more generally the relationship between the difference-in-means esti-
mand, ∆, and the SACE in the presence of post-treatment selection. I will use the notation from Table A1,
in which S(Z) ∈ {0, 1} represents potential outcomes on selection, and subsequent outcome Y (Z) is given
by:

Y (Z) ∈

{
R if S(Z) = 1

∗ if S(Z) = 0.

When considering this setting, it is important to note that when estimating ∆ in the presence of post-
treatment selection, researchers have made decisions about how to address the phantom counterfactuals
(undefined potential outcomes) in a subsequent outcome Y (Z). These are any units for whom the realiza-
tion of Y (Z) = ∗. I consider the two modal strategies: (1) conditioning the sample on survival such that all
S(Z) = 1 for all units in the difference-in-means sample; and (2) imputing some constant, c ∈ R for Y (Z)
whenever S(Z) = 0. I therefore derive ∆ under both strategies.

I use the principal strata defined in Table A1 to express ∆ and compare it to SACE. To economize notation,
I denote membership in a stratum as θ ∈ {A, T, U,N}. With this notation, the SACE can be written as:

SACE = E[Y (Z = 1)|θ = A]− E[Y (Z = 0)|θ = A].

As in Table A1, the proportion of experimental units in each stratum is πA, πT , πU , and πN where πA +
πT + πU + πN = 1.
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Proposition A1. Suppose that there exists post-treatment selection, i.e., S(Z) = 0 for n ≥ 1 units in the
experimental sample. Consider the SACE of treatment Z on subsequent outcome Y (Z) and the quantity
estimated by a difference-in-means estimator:

∆ = Y (Z = 1)− Y (Z = 0).

In the absence of additional parametric assumptions, we cannot ascertain the sign or magnitude of the
SACE from ∆ when:

(i) the sample is conditioned on the realization of S(Z) = 1, or
(ii) some constant c ∈ R is imputed such that Y (Z) = c for any realization of S(Z) = 0.

Proof Consider first the case in which the sample is conditioned on the realization that S(Z) = 1. A
difference-in-means estimator estimates the quantity:

∆ =
πA

πA + πT
Y (Z = 1|θ = A) +

πT
πA + πT

Y (Z = 1|θ = T )︸ ︷︷ ︸
Y (Z=1|S(Z=1)=1)

−

[
πA

πA + πU
Y (Z = 0|θ = A) +

πU
πA + πU

Y (Z = 0|θ = U)

]
︸ ︷︷ ︸

Y (Z=0|S(Z=0)=1)

(4)

Note that SACE = E[Y (Z = 1)|θ = A]− E[Y (Z = 0)|θ = A]. (4) can be therefore be written:

∆ =
π2A

(πA + πT )(πA + πU )
SACE +

πAπU
(πA + πT )(πA + πU )

Y (Z = 1|θ = A) +
πT

πA + πT
Y (Z = 1|θ = T )−[

πAπT
(πA + πT )(πA + πU )

Y (Z = 0|θ = A) +
πU

πA + πU
Y (Z = 0|θ = U)

]
(5)

Without further parametric assumptions, an estimate of ∆ is uninformative about the sign or magnitude of
the SACE.

Now consider the case in which a constant c ∈ R is imputed for any units for which S(Z) = 0. A difference-
in-means estimator estimates the quantity:

∆ =πAY (Z = 1|θ = A) + πTY (Z = 1|θ = T ) + (1− πA − πT )c−[
πAY (Z = 0|θ = A) + πUY (Z = 0|θ = U) + (1− πA − πU )c

] (6)

Since SACE = E[Y (Z = 1)|θ = A]− E[Y (Z = 0)|θ = A]. (6) can be therefore be written:

∆ =πASACE + πTY (Z = 1|θ = T )− πUY (Z = 0|θ = U) + c(πT − πU ) (7)

Without further parametric assumptions, an estimate of ∆ is uninformative about the sign or magnitude of
the SACE. �

Proposition A2. Suppose that there exists post-treatment selection, i.e., S(Z) = 0 for n ≥ 1 units in the
experimental sample. Suppose further that selection is exogenous.

(i) If the sample is conditioned on the realization of S(Z) = 1, then ∆ = SACE.
(ii) If some constant c ∈ R is imputed such that Y (Z) = c for any realization of S(Z) = 0, then ∆

and SACE maintain the same sign but |∆| < |SACE|.
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Proof of Proposition A2. Within this framework, potential outcomes are fixed. Exogenous post-treatment
selection therefore implies that S(Z = 1) = S(Z = 0) for all units in the experimental sample. This
implies that the if-treated and if-untreated strata are empty, πT = πU = 0. In the case in which the sample
is conditioned on S(Z) = 1, substituting πT = πU = 0 into (5) yields:

∆ = SACE.

In the case in which a constant is imputed when S(Z) = 0, substituting πT = πU = 0 into (7) yields:

∆ = πASACE.

Because πA ∈ (0, 1), sgn(∆) = sgn(SACE) and |∆| < |SACE|. �

A1.4 Generalization to Average Treatment Effects on the Treated (ATT)

The average treatment effect on the treated (ATT) is a target estimand of many identification-motivated
research designs in the social sciences. It is defined as:

ATT ≡ E[Yi(Z = 1)|Z = 1]− E[Yi(Z = 0)|Z = 1]. (8)

Proposition A3 generalizes the main result of Proposition 1 from the ATE to the ATT estimand. Note
that there are different research designs under which the identified estimand of interest is the ATT (i.e.,
difference-in-difference designs and matching). Proposition A3 refers only to the identifying assumptions
under a given research design in an effort to maintain generality.

Proposition A3. Suppose that standard identifying assumptions of the ATT under a research design are
satisfied. If a dynamic theory of post-treatment behavior is not strategy set symmetric, then:

1. There exists at least one post-treatment behavioral outcome for which the ATT is identified.

2. There exists at least one post-treatment behavioral outcome for which the ATT is not identified.

In a research design in which these standard identifying assumptions hold, if a dynamic theory of post-
treatment behavior is strategy set symmetric, then the ATT is identified for all modeled post-treatment be-
havioral outcomes.

Proof: Refer to the the proof of Proposition 1. Consider the ATT of a treatment, Z, on an action, a, in the
strategy set of arbitrary node h ∈ H . Denote a variable measuring this action as A. Given definition of the
ATT in (8), the ATT can be written:∑

h∈Hj

Pr(h|Z = 1)E[A(Z = 1)|Z = 1, h = h]−
∑
h∈Hj

Pr(h|Z = 1)E[A(Z = 0)|Z = 1, h = h] (9)

The remainder of the proof follows directly from the proof of Proposition 1 under the assumption that
standard identifying assumptions for the ATT are satisfied. �
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Appendix B Formal Exposition of Truncation by Death Problem
Table A1 reproduces Table 1 using more standard parameterization of selection and outcomes from the
truncation by death literature. Suppose that treatment Zi ∈ {0, 1}, is assigned such that the probability of
assignment to treatment Z = 1 is p ∈ (0, 1) for all units. A first outcome, S(Z) ∈ {0, 1} indicates whether
the a subject “survives.” The dependent variable of interest Y (S,Z) occurs subsequent to the realization
of S(Z). Define four causal types (principal strata): always survivors, if treated survivors, if untreated
survivors, and never survivors. Table A1 defines these types, their shares in the population, and relevant
potential outcomes.

Y (S = 1, Y (S = 1, Y (S = 0, Y (S = 0,
Stratum Weight S(Z = 1) S(Z = 0) Z = 1) Z = 0) Z = 1) Z = 0)

Always survivor πA 1 1 YA(1, 1) YA(1, 0) - -
If Treated survivor πT 1 0 YT (1, 1) - - [YT (0, 0)]
If Untreated survivor πU 0 1 - YU (1, 0) [YU (0, 1)] -
Never survivor πN 0 0 - - [YN (0, 1)] [YN (0, 0)]

Table A1: Principal strata of an experiment with a binary treatment and binary survival variable. Elements
in brackets indicate that a potential outcome is undefined. If defined, the outcome Y (S,Z) ∈ R1 and the
last four columns indicate cell means.

Given the binary assignment to treatment and the binary survival variable, the ATE of Z on Y could ideally
be written:

E[Y (Z = 1)]− E[Y (Z = 0)] =πAE[YA(1, 1)] + πTE[YT (1, 1)] + πUE[YU (0, 1)] + πNE[YN (0, 1)]−
(πAE[YA(1, 0)] + πTE[YT (0, 0)] + πUE[YU (1, 0)] + πNE[YN (0, 0)])

(10)

However, because some of these quantities (underlined in red) are undefined, the expression (and hence the
ATE) is undefined.

Appendix C Directed Acyclic Graph Representation
Truncation by death, and analogous problems in social science, can also be depicted in directed acyclic
graphs. Figure A1 depicts two possible relationships between a randomly assigned treatment, Z, and two
sequential outcomes, a and b. Panels (a) and (b) correspond directly to the game trees in Figure 1. In both
panels, b is a function of both Z and a, denoted b(Z, a), whereas a is only a function of Z, denoted a(Z).
Unlike in the right panel, in the left panel, the node denoted by 9 indicates that b is defined for only some
values of a. In other words, there exist some units for which the potential outcome b(Z, a) is not defined.
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Z a b

(a) Implied by strategy set asymmetry

Z a b

(b) Implied by strategy set symmetry

Figure A1: Two graphical causal models of a randomly-assigned treatment, Z, and two sequential outcomes,
a and b. The 9 node indicates that outcome variable b is not defined for all levels of outcome variable a.

Appendix D Equilibrium Characterization, Proofs from Stylized Models

A4.1 Game Trees for Other Cases

Figure 3 depicts the game tree for Case #4 of the model. Figure A2 depicts the game trees for the three
(nested) cases of the model listed in Table 2.

A4.2 Case #1: Always Crime

In this decision theoretic model, I assume that a crime occurred with probability 1. The bystander reports if
the expected utility from reporting E[UB(r)] exceeds the expected utility from not reporting E[UB(¬r)]:

E[UB(r)] ≥ E[UB(¬r)]⇒ ιRψ − cR ≥ ιNψ

Solving for ψ, the citizen will report if:

ψ ≥ cR
ιR − ιN

�

Given Fψ(·), the cdf of ψ is drawn, the proportion of citizens that report a crime is 1− Fψ
(

cR
ιR−ιN

)
. With

this rate of reporting, the ATE on reporting can be written:

ATE1
R = 1− Fψ

(
cZ=1
R

ιR − ιN

)
−
(

1− Fψ
(

cZ=0
R

ιR − ιN

))
= Fψ

(
cZ=0
R

ιR − ιN

)
− Fψ

(
cZ=1
R

ιR − ιN

)
> 0

This quantity is positive because cZ=1
R < cZ=0

R . Further, the ATE on incidence in the administrative record
is:

ATE1
V = ιR

[
1− Fψ

(
cZ=1
R

ιR − ιN

)]
︸ ︷︷ ︸

Reporting rate

+ιN

[
Fψ

(
cZ=1
R

ιR − ιN

)]
︸ ︷︷ ︸

Non-reporting rate

−ιR
[
1− Fψ

(
cZ=0
R

ιR − ιN

)]
︸ ︷︷ ︸

Reporting rate

−ιN
[
Fψ

(
cZ=0
R

ιR − ιN

)]
︸ ︷︷ ︸

Non-reporting rate

= (ιR − ιN )

[
Fψ

(
cZ=0
R

ιR − ιN

)
− Fψ

(
cZ=1
R

ιR − ιN

)]
> 0

This quantity is positive because cZ=1
R < cZ=0

R and ιR > ιN . Because crime always occurs (there is no
selection), the ATE is equivalent to the SACE in both cases. �
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A4.3 Case #2: Exogenous Crime and Exogenous Investigation

This model directly follows from Case #1. However, in the 1 − ρ proportion of cases (precincts) in which
there is no crime perpetrated, the reporting outcome is undefined. As such,ATER andATEV are undefined.
In the ρ proportion of cases in which there is crime, the SACE follows from the calculation of the ATE from
Model A4.2. Thus:

SACER = Fψ

(
cZ=0
R

ιR − ιN

)
− Fψ

(
cZ=1
R

ιR − ιN

)
> 0

SACEV = (ιR − ιN )

[
Fψ

(
cZ=0
R

ιR − ιN

)
− Fψ

(
cZ=1
R

ιR − ιN

)]
> 0

Now consider the quantities estimated by a difference-in-means, ∆R and ∆N :

∆R = ρ

(
1− Fψ

(
cZ=1
R

ιR − ιN

))
− ρ

(
1− Fψ

(
cZ=0
R

ιR − ιN

))
= ρSACER

∆V = (ιR − ιN )

[
ρFψ

(
cZ=0
R

ιR − ιN

)
− ρFψ

(
cZ=1
R

ιR − ιN

)]
= ρSACEV

A naive comparison of treatment and control beats will yield the quantities ρSACER and ρSACEV , re-
spectively. Both quantities are positive. �

A4.4 Case #3: Endogenous Crime and Exogenous Investigation

I characterize a subgame perfect equilibrium in pure strategies by backward induction. As such, I begin with
the citizen’s decision whether or not to report a crime in the subgame in which a crime has occurred. This is
equivalent to the citizen’s calculation in subsection A4.2. The citizen reports if and only if:

ψ ≥ cR
ιR − ιN

Now consider the suspect’s choice. He will commit a crime if the expected utility from reporting E[US(v)]
exceeds the expected utility from not reporting E[US(¬v)]:

λ− p
[
ιR

[
1− Fψ

(
cR

ιR − ιN

)]
+ ιNFψ

(
cR

ιR − ιN

)]
≥ 0

p

[
ιR + (ιN − ιR)Fψ

(
cR

ιR − ιN

)]
≤ λ

In the unique subgame perfect equilibrium, thus, the suspect commits a crime if:

λ ≥ p
[
ιR + (ιN − ιR)Fψ

(
cR

ιR − ιN

)]
Upon observing the crime, the bystander reports if ψ ≥ cR

ιR−ιN . �
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As in the previous case, the ATEs are undefined because some crimes do not occur. To compute the SACE,
first it is useful to define two thresholds of λ which define crime occurrence under treatment and control:

λ̃ = p

[
ιR + (ιN − ιR)Fψ

(
cZ=1
R

ιR − ιN

)]

˜
λ = p

[
ιR + (ιN − ιR)Fψ

(
cZ=0
R

ιR − ιN

)]

Because cZ=0
R > cZ=1

R , λ̃ >
˜
λ. This implies that any crime that would occur if a unit is treated would occur

if the unit is untreated. The “always survivor” stratum is thus defined by any suspect for whom λ > λ̃. The
SACEs are thus given by:

SACER = Fψ

(
cZ=0
R

ιR − ιN
| λ > λ̃

)
− Fψ

(
cZ=1
R

ιR − ιN
| λ > λ̃

)
> 0

SACEV = (ιR − ιN )

[
Fψ

(
cZ=0
R

ιR − ιN
| λ > λ̃

)
− Fψ

(
cZ=1
R

ιR − ιN
| λ > λ̃

)]
> 0

A difference-in-means estimator estimates:

∆R =Fλ(λ̃)

[
Fψ

(
cZ=0
R

ιR − ιN
| λ > λ̃

)
− Fψ

(
cZ=1
R

ιR − ιN
| λ > λ̃

)]
−

(Fλ(λ̃)− Fλ(
˜
λ))Fψ

(
cZ=0
R

ιR − ιN
| λ ∈ (

˜
λ, λ̃]

)
=SACER − (Fλ(λ̃)− Fλ(

˜
λ))Fψ

(
cZ=0
R

ιR − ιN
| λ ∈ (

˜
λ, λ̃]

)
∆V =Fλ(λ̃)

[
(ιR − ιN )

[
Fψ

(
cZ=0
R

ιR − ιN
| λ > λ̃

)
− Fψ

(
cZ=1
R

ιR − ιN
| λ > λ̃

)]]
−

(Fλ(λ̃)− Fλ(
˜
λ))

[
(ιR − ιN )Fψ

(
cZ=0
R

ιR − ιN
| λ ∈ (

˜
λ, λ̃]

)]
=SACEV − (Fλ(λ̃)− Fλ(

˜
λ))

[
(ιR − ιN )Fψ

(
cZ=0
R

ιR − ιN
| λ ∈ (

˜
λ, λ̃]

)]
The sign of the difference-in-means estimator is ambiguous for both outcomes. While both SACEs are
positive, the second term in both expressions is negative. �

A4.5 Case #4: Strategic Policing

I characterize a subgame perfect equilibrium in pure strategies by backward induction. As such, I begin
with the officer’s decision of whether or not to investigate a crime, conditional on whether the crime was
reported:

E[uO(i|r)] ≥ E[uO(¬i|r)] E[uO(i|¬r)] ≥ E[uO(¬i|¬r)]
−κ ≥ −αr −κ ≥ −α¬r
κ ≤ αr κ ≤ α¬r
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When the bystander evaluates the likelihood of reporting, the probability that a crime is investigated is thus
given by 1−Fκ(αr) (if reported) and 1−Fκ(α¬r). Plugging these into the bystander’s expected utility, the
bystander reports if and only if:

ψ ≥ cR
Fκ(α¬r)− Fκ(αr)

Now consider the suspect’s choice. He will commit a crime if the expected utility from reporting E[US(v)]
exceeds the expected utility from not reporting E[US(¬v)]. Denote the threshold above which a crime
occurs as λ̂.

λ− p
[
(1− Fκ(αr))

[
1− Fψ

(
cR

Fκ(α¬r)− Fκ(αr)

)]
+ (1− Fκ(α¬r))Fψ

(
cR

Fκ(α¬r)− Fκ(αr)

)]
≥ 0

λ̂ ≥ p
[
1− Fκ(αr) + (Fκ(αr)− Fκ(α¬r))Fψ

(
cR

Fκ(α¬r)− Fκ(αr)

)]
In the unique subgame perfect equilibrium, thus, the suspect commits a crime iff λ > λ̂. Upon observing the
crime, the bystander reports if ψ ≥ cR

ιR−ιN ; and upon recieving the report, the officer investigates if κ ≤ αr
but upon not receiving the report, the officer investigates iff κ ≤ α¬r. �

This case is identical to the previous case except that ιR ≡ 1−Fκ(αR) and ιN ≡ 1−Fκ(α¬R). Substituting
these expressions and redefining λ̃ and

˜
λ as:

λ̃ = p

[
1− Fκ(αr) + (Fκ(αr)− Fκ(α¬r))Fψ

(
cZ=1
R

Fκ(α¬r)− Fκ(αr)

)]

˜
λ = p

[
1− Fκ(αr) + (Fκ(αr)− Fκ(α¬r))Fψ

(
cZ=0
R

Fκ(α¬r)− Fκ(αr)

)]

the remark follows directly from the proof to Remark 3. �
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λ 0

0 0
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Figure A2: Game trees corresponding to the other cases in Table 2.
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Appendix E Applications in Social Science
This section expands upon the examples of truncation by death in the social sciences cited in Table 3. Some
of these selection problems are discussed in the respective literature.
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