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This document corrects one error and one imprecision for “Heterogeneous Treatment Effects and Causal Mechanisms”
that were detected by an Al review of the manuscript and appendix after online publication.! In order of importance:

Proposition 4

On page 10 we write: ”We will denote ), G {X1,Xo, ..., Xk}, as the set of all possible pre-treatment covariates
with non-zero effects on the outcome, Y.” In Footnote 15, we formalize this by writing: “Formally, if X} € X, then
there exist  # 2’ € Xy suchthat Y(Z, M(Z; Xy, = 2, X_); Xoe = 2, X)) ZY(Z, M(Z; Xy, = 2/, X_); Xy, =
x’, X_).” Note that this is stronger than our subsequent informal description “Covariates in X% can be thought of as
‘relevant for predicting outcome Y™ (p. 15) because a proxy variable of any variable in X7 (as defined above) may
also predict Y. The less formal notion is used in the proof of Proposition 4 when we write: “By definition of X%, we
know X ¢ X' implies that X must be independent of Y

The corrected version of this sentence should be: “We will denote X7 = {X1, Xo,..., XK}, as the set of all possible
pre-treatment covariates that are statistically associated with the outcome, Y.” And Footnote 15 should read: “For-
mally, if X;, € X®, then X, LY | Z The proof follows from this corrected definition.

Proposition 1

The existing proof establishes sufficiency of Assumptions 1 and 2. However, the claim of generic necessity and the
conditions required for it need to be stated more explicitly.

Meaning of “generically.” Here, “generically” refers to variation over exclusion patterns and over the effect con-
trasts left unrestricted under each pattern, rather than to sampling uncertainty. Each possible exclusion pattern is
assigned positive probability and, conditional on that pattern, the unrestricted contrasts have a joint density that is
absolutely continuous with respect to Lebesgue measure. Consequently, contrasts set equal to zero by an exclusion
restriction occur with positive probability, whereas accidental zeros and exact cancellations among unrestricted con-
trasts occur only on a null set.

Proof. Define:

60 = AADEY = ADEY (2,2/; X}, = 2) — ADEY (2,2'; X}, = '),
§; = AAIEY = AIE) (2,2 Xp = x) — AIE) (2,7 Xi = @), j=2,...,J.
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IThese errors were detected by GPT-5.6 Sol in response to the prompt: “Check this for serious er-
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The decomposition of the conditional average treatment effect gives
J
CATEY (Xj =z) — CATEY (Xi = 2') — L[5] = Lo + > _ ;]
j=2

Let § = (8o, 02,63,...,07)" € R7, which excludes d;, the contrast in the focal mechanism’s indirect effect. Now let
S = (80, 82,...,55) € {0,1}” index all possible exclusion patterns where:

g — 0  the corresponding non-target contrast is excluded
! 1  the corresponding non-target contrast is unrestricted.

Thus S = 0 corresponds to Assumption 1 and the generalized version of Assumption 2 (Assumption 3 on page 10
of the SI).

Let IT be a reference probability measure for the pair (S, d), defined as follows. First, draw an exclusion pattern
s with probability m, > 0, > . (0137 Ts = 1. Conditional on S = s, every coordinate of § corresponding to a
zero coordinate of s is equal to zero. For every s # 07, assume that the coordinates left unrestricted by s have a joint
distribution that is absolutely continuous with respect to Lebesgue measure on the space of those unrestricted contrasts.

Let € denote the equality in Proposition 1: £ = {C’ATEY(Xk = 1) - CATEY (X}, = 2') = L[él]}. For any
exclusion pattern s # 07, the event £ requires jis;—1 05 = 0. This is a nontrivial linear restriction on the unrestricted

coordinates of J. Its solution set is therefore a proper hyperplane in the space of those coordinates and has Lebesgue
measure zero. Absolute continuity implies:

IIE|S=s)=0 for every s # 0.

Because there are only finitely many exclusion patterns,
MEN{S#0,}) = > mI(E|S=s)=0
s#0y

Thus, outside a II-null set, the equality in Proposition 1 cannot hold under any exclusion pattern that leaves at least one
non-target effect contrast unrestricted. It therefore implies S = 07 II-almost surely, which is precisely Assumption 1
together with Assumption 3. Hence, the exclusion assumptions are sufficient and generically necessary (as defined
above). O

We regret the error and imprecision.
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